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Abstract [II A generalized method for the rapid evaluation of complicated 
ionic equilibria in terms of the hydrogen-ion concentration was developed. 
The method was based on the derivation of a single general equation that 
could be used to evaluate any mixture. A tableau method also was de- 
veloped which allowed calculation of the numerical solution to the general 
equation without computer analysis or graphical or intuitive approxi- 
mations. Examples illustrating the utility of the method are presented. 
These examples include a mixture of barbital, citric acid, boric acid, 
monobasic sodium phosphate, and sodium hydroxide. Calculated hy- 
drogen-ion concentrations showed good agreement with experimental 
values for simple and complex solutions. The major advantages of the 

method are its simplicity and the obtainment ot numerical solutions 
without initial approximations in the calculations. However, activity 
corrections are not included in the calculations. 

Keyphrases  EI Hydrogen-ion concentration-general calculation 
method for multicomponent acid-base mixtures, calculated results 
compared with experimental results 0 Model, mathematical-calculation 
of hydrogen-ion concentration in multicomponent acid-base mixtures, 
comparison with experimental results Acid-base mixtures-calculation 
of hydrogen-ion concentration in multicomponent acid-base mixtures, 
comparison with experimental results 

The calculation of pH values for multicomponent mix- 
tures of weak acids and bases, strong acids and bases, and 
ampholytes often requires solving a formidable set of si- 
multaneous equations. Although intuitive reasoning may 
lead to simplifications, it also may lead to erroneous results 

(1). Although graphical procedures (2) have shown didactic 
and practical utility, they can become complex and the 
evaluation may be difficult. 

A general method for rapid evaluation of complicated 
equilibria in terms of the hydrogen-ion concentration is 
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described in this paper. A tableau method for the numer- 
ical solution also is described. This method eliminates the 
need for computer analysis. 

Activity coefficients were omitted in the following sec- 
tions t~ simplify the treatment of the equilibria presented. 
These corrections may be needed in many pharmaceutical 
situations. 

THEORETICAL 

Mixture of Weak Polybasic Acids-Let the mixture contain a con- 
centration T P  of a weak polyprotic acid (H,P) with a dissociable hy- 
drogen ions and a concentration T Q  of a weak polyprotic acid (H&) with 
/3 dissociable hydrogen ions. The equilibrium expressions for H,P are: 

H Z ~ % H ~ - ~ P - ~  + H +  
Scheme I 

H , - l P - 1 s H , - z P - 2  + H +  
Scheme I1 

KP HIp-(a- ' )&p-u + H +  
Scheme 111 

and for HaQ are: 

H g Q t H o - i Q - '  Kal, + H +  
Scheme IV 

H a - l Q - 1 ~ H , + z Q - 2  + H +  
Scheme V 

H l ~ - ~ ~ - i ) a Q - ~  + H+ 
Scheme VI 

Let: 

and: 

Qo = HaQ (Eq. 4) 

Qi = Ha-iQ-' (Eq. 5) 

QB = 8-' (Eq. 6) 

The individual species for each acid can be expressed as functions of 
PO or Qo, the respective ionization constants, and the hydrogen-ion 
concentration. By using Schemes I-VI and Eqs. 1-6, the following 
equations can be derived: 

Po = Po (Eq. 7 )  

Pi = KPIH-'Po (Eq. 8)  

P2 = K P I K P ~ H - ~ P O  (Eq. 9) 

P,  = K P i K P z .  . . KP,H-"Po (Eq. 10) 

and: 

Note that H-' = l/H. Let the charge balance be expressed as: 

D = 2 pPP + f qQp 
P-0  q=o 

(Eq. 15a) 

where (1): 

Let the mass balance for each acid be expressed as: 

T P =  c P p  
P-0 

and 

T Q =  f Qq (Eq. 17) 
q-0 

Equations 7-10 and Eqs. 11-14, respectively, can be written in general 

P p =  fi KP,H-PPo (Eq. 18) 

form as: 

*=0 

a n d  

Qq = R KQ,H-QQo (Eq. 19) 

Substitution of Eq. 18 into Eq. 16 and of Eq. 19 into Eq. 17 yields, re- 

(Eq. 20) 

r = O  

where KPo = KQo = 1. 

spectively: 

T P  = 2 fi KP,H-PPo 
p=o *=a 

a n d  

T Q =  f I? KQ,H-pQo (Eq. 21) 
p = o  r = O  

Rearrangement of Eqs. 20 and 21 yields, respectively: 

(Eq. 22) 
T P  Po = 

5 fi KPrH-p 
p=o  r=o 

and: 

(Eq. 23) TQ 

E fl KQ,H-q 
80 = 

q=o n=O 

Substitution of Eq. 22 into Eq. 18 and of Eq. 23 into Eq. 19 yields, re- 
spectively: 

fi KP,H-pTP 

5 fi KP,H-P 
p - 0  r=O 

*=0  Pp = (Eq. 24) 

and: 

I? KQ,H-qTQ 

f fl KP,H-q 
q=o *=o 

n=O 
Qq = (Eq. 25) 

Substitution of Eqs. 24 and 25 into Eq. 15a yields: 

5 p fi KP,H-PTP 5 q fi KQ,H-WQ 
D='=O *=' + q = o  n = o  (Eq. 26) 

f f iKP,H-P f h K Q r H - q  
p=o  r-0 q=o r-0 

Rearrangement of Eq. 26 followed by multiplication by H(,+O) yields: 

D 5 5 fi K P ,  fi KQ,H(ct+@-P-q) 
p=o q-0 n=O r-0 

= 2 fi K P ,  if KQ,H(Lr+P-P--q) P TP 
p=o q=o *=0 a=o 

+ 2 f fi K P ,  fi KQ,H(-+P-P-q) qTQ (Eq.27) 
p=o  q=o *=o r=O 
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Define tensors: 

and: 

K p q =  f I K P ,  f I K Q r  (Eq. 29) 
*=o r=O 

Substitution of Eqs. 28 and 29 into Eq. 27 yields: 

D p=o 5 q=o E KPPPY = so i o K p q H p q P T P  

+ 5 5 KpqHppqTQ 0%. 30) 
p - 0  q=o 

Equation 30 can be simplified by noting that the indexes p and q are 
repeated in the multiplication of the tensors Kpq and Hpq. Following the 
convention proposed by Jeffreys (3), the summation signs will be omitted 
and the summation will be implied (the indexes are given all possible 
values of p and q and the terms are added). Equation 30 can be written 
using this convention as: 

DKpqHpq = KP,,HpqTP + Kpq!HpqTQ (Eq. 31) 

The derivation of Eq. 31 can be extended to yield an equation for any 
where KPsq = K p q p  and Kpq, = Kpqq. 

number of acids. The resulting equation is: 

DKpq. . . zHpq. . . z  = Kp‘q . .zHpq . .zTP 
+ Kpq’ zHpq.. .zTQ + Kpq., .z’Hpq.. . zTz (Eq. 32) 

Mixture of Weak Polyacidic Bases-Let a mixture contain a con- 
centration T R  of a weak polyacidic base (H:7R) with y ionizations and 
a concentration T S  of a weak polyacidic base (HZbS) with 6 ionizations. 
The equilibrium expressions for the bases are: 

H ; ~ R  S H ; ~ R  + H +  

~ p - 1 ) ~  S H ; L ~ R  + H+ 
Scheme VII 

Scheme VIII 

K R  
H+R&R + H+ 

Scheme IX 
For H:‘S, they are: 

H+b 3 +(b-l)S+ H t  
d S*Hb-l 

Scheme X 

H ~ ! ~ - ; ” S & H ~ $ 2 ’ S  + Hi 
Scheme X I  

K S  

H+S& + H +  
Scheme X I 1  

Let: 

Ro = H t 7 R  

R1 = H:>-”R 

R ,  = R 

and: 

So = HZbS 

SI = H;A{-I’S 

S b  = s 
Let the charge balance be expressed as: 

D = ,f ( r  - N R ) R ,  + f: (s - N S ) S ,  
r - 0  s=o 

where N R  is the number of cationic species possible from the protonation 
of the neutral base R and N S  is the number of cationic species possible 
from the protonation of the neutral base S. 

Let the mass balance equations he expressed as: 

T R  = 2 R, 
r=O 

and: 
b 

s=o 
T S =  x S s  

(Eq. 40) 

(Eq. 41) 

The individual species for each base can be expressed as a general 
equation as were the acids in the previous section. The equations for the 
bases are: 

R, = KR,H-‘Ro (Eq. 42) 
n=O 

and: 

(Eq. 43) 

A general equation for a system of two polyacidic bases can be derived 
in a manner analogous to Eq. 31 for the system of two polybasic acids. 
The equation thus derived is: 

DK,H, = K,,,H,TR + K,,,H,,TS (Eq. 44a) 

where K,,, = Krs(r  - N R )  and K,,, = K, , ( s  - N S ) .  
The derivation of Eq. 44a can be extended to a system of any number 

of bases analogous to the extension of Eq. 31 to Eq. 32. The general 
equation for any number of polyacidic bases is: 

DKrs . .zHrs. . .z = Kr‘s. . .zHrs. . .zTR + Km.. . ,zHrs. . , z T s  
+ .  . . Kr5 . .  .L,HrS. z T Z  (Eq. 44b) 

Mixture  of Weak Acids, Weak Bases, Ampholytes, Salts, and 
Strong Bases-Inspection of Eqs. 31 and 44a reveals a mathematical 
similarity. If an N P  term and an NQ term had been defined for the acids, 
as N R  and N S  were defined for the bases, then the equations would have 
been mathematically identical ( N P  and NQ would have been zero since 
no cationic species of the acids were formed). Therefore, Eq. 44a can be 
applied to mixtures of acids, mixtures of bases, and mixtures of acids and 
bases. 

Equation 44a also is applicable to ampholytes, but caution must be 
exercised in the determination of the number of cationic species pos- 
sible. 

Salts can be considered as mixtures of acids and bases. Therefore, Eq. 
44a is applicable to solutions formed from salts. Mathematically, the 
solution is considered to be formed from a stoichiometric mixture of the 
acid and base components of the salt. 

The addition of a strong acid and/or strong base to any mixture re- 
quires modification of the charge balance. Let SBt denote the total 
concentration of strong base and SAt denote the the total concentration 
of strong acid. If one component of a salt is a strong acid or base, then its 
concentration must be added to the S A t  or SHf term, respectively. 

Example 1: Ammonium Acetate-This salt is treated as an equimolar 
mixture of ammonia ( T P )  and acetic acid ( T Q ) :  T P  = TQ, N P  = 1, and 
N Q  = 0. 

Example 2: Sodium Acetate-This salt is treated as an equimolar 
mixture of acetic acid ( T P )  and sodium hydroxide (SBp):  T P  = SB,,  N P  
= 0, and SBf = SH,. 

Example 3: Sodium Carbonate-This salt is treated as a mixture of 
sodium hydroxide (SB,) and carbonic acid ( T P ) :  2TP = SH,, N P  = 0,  

Example 4: Sodium Carbonate and Sodium Hydroxide-This solution 
is treated as a mixture of carbonic acid ( C P )  and sodium hydroxide as 
in Example 3; however, the additional sodium hydroxide is added to the 
SBt term: 2TP = SB,, N P  = 0, and SRt = SBp + SR.  

Therefore, Eq. 44b can be extended to mixtures of weak acids, weak 
bases, ampholytes, salts, strong acids, strong bases, and all of their 
combinations. The general equation (derived analogously to Eq. 446) 
is: 

(SBt - SAr + D W p q . .  .zHpq.. .p = Kp’q. , z H p q . .  .zTP 

SRt = SBp. 

+ Kpq‘ . .zHpq . .zTQ + Kpq.. .z’Hpq . z T z  (Eq. 4 4 ~ )  

GENERAL METHOD AND APPLICATION 

The substitution of known values into Eq. 44b for a particular mixture 
followed by rearrangement and collection of terms in H results in a 

Journal of Pharmaceutical Sciences I 893 
Vol. 69, No. 8, August 1980 



Table J-Data for Example 1 
[ G n q  

KP,, KQ,, . . . K Z ,  

1 complex 

K t G i n e c o e f f i c i e n t s  

1 
_ _ _  

computer analysis rquadra t ic  approximation 

Scheme XI11 

polynomial in H .  T h e  determination of the  coefficients and the  order of 
the polynomial can be facilitated by constructing a table for the  sys- 
tematic enumeration of ( a )  all possible values of the  subscripts of the  
tensor Kp4 .*', ( b )  the  powers of the  polynomial in H t h a t  correspond 
to  the subscripts, ( c )  the  values of the  components of K,, . ,', and ( d )  
the stoichiometric factors for each component. 

The  table also allows a numerical comparison of the contribution of 
each term t o  a particular coefficient. This  comparison permits omission 
of insignificant terms. T h e  advantage of this method increases with the  
complexity of the  mixture. 

T h e  final polynomial in H obtained from the  table can be solved by 
numerous numerical computer techniques. However, a quadratic ap-  
proximation of the polynomial also can be used ( l ) ,  eliminating the need 
of a computer. 

T h e  general procedure to calculate the hydrogen-ion concentration 
of  a complex system is illustrated in Scheme XIII. A step-by-step ap-  
proach of the  general procedure with specific application to  a simple and 
a complex mixture follows. 

Consider the calculation of the hydrogen-ion concentration in a solu- 
tion of 0.09 M NaHCO3 and 0.01 M NaZC03: 

1. The  numher of actual components is specified. This  particular 
mixture contains two, carbonic acid and sodium hydroxide (refer to  
previous section). 

2. The ionization constants for each component (excluding strong acids 
and strong hases) are  defined. T h e  t.otal number of  ionizations for each 
component also is defined ( c l ,  /j,. . .w). T h e  values for this example are: 
K P ,  = 4.20E-07 for the equilibrium shown in Scheme XIV and  KP2 = 
.4.80E- 11 for the equilibrium shown in Scheme XV, with ( Y  = 2. 

h 1'1 
HZCO:~=HCO,~ + H +  

Sclicnw X I V  

HCO,! -COT2 + H + 

Srhorne X V 

3 

:i. The numher of cationic species formed from each actual component 
(excluding strong acids and strong hases) is determined. T h e  only com- 
ponent t o  be considered in this example is carbonic acid, which does not 
form any cationic species. Therefore, the N P  term is equal to zero. 
1. The total concentration ol' each component is determined. T h e  

cvniponrnts f o r  this example are carbonic acid and sodium hydroxide. 
'I'he mass halance tor  the sodium hydroxide is: S R ,  = 0.09 M + 2(0.01 M )  
= 0.11 h.l (sodium hydroxide). 'I'he mass halance fur t.he carbonic acid 
i s  7'P = 0.09 hf + 0.01 h.1 = 0.1 M (carbonic acid). 

5. Hy using the genrral equation (Eq. 44c), a particular (general) 
equation for the  mixture is defined. T h e  equation for this example is: 

( 1 ,  + SH,)K,,H,, = PK,,,H, (Eq. 45) 

p - N P  K, 
P H" ( C P  = 1.00E-01M) (SR ,  = 1.10E-OlM) 

0 2 0 1 
1 1 1 4.20E-07 
2 0 2 2.00E- 17 

6. T h e  known values (Steps 1-4) are  substituted into the equation 
obtained from Step 5. If the equation is simple, then a direct substitution 
can he performed after expansion of the equation. Expanding Eq. 45 
yields: 

( D  t SRt)(H' t KPiH t KPI KP2) = (KPiH + 2KPiKPZ)P 
(Eq. 46) 

Substituting the values from Steps 1-5 and Eq. 15b into Eq. 46 yields the 
final equation for this example: 

H4 + (1.1E-Ol)H" + (4.2E-09)H2 
- (1.8E-18)H - 2.01E-31 = 0 (Eq. 47) 

In more complex situat.ions, rearranging Eq. 45 or whatever general 
equation results from Step 5 results in a more useful form for substitution 
of the  variables: 

(Eq. 48) 

A table can he constructed that  allows the evaluation of the coefficients 
of Eq. 48 without expanding the  general equation. T h e  table is con- 
structed in the  following manner (Table I): 

a. A column is constructed t h a t  contains each possible combination 
of p, q, . . . 2. T h e  total number of rows (combinations) equals ( n  + 1)(0 
+ 1) . . . (o + 1). In Tahle I, the three values possible for p in this example 
are  shown in the  first column. 

b. With the  values obtained in the first column, a second column is 
calculated. This  column contains the  relative powers o f  If in the final 
polynomial. T h e  power is calculated for each row in the second column 
by using the value of the subscripts p ,  9. .  . . z in the corresponding row 
of the first column and solving: 

( ( Y  + /3 + . . . w) - ( p  t (I + . . . z )  = power of H 

DK,Hp t SB,KpIf, - PKp,H, = 0 

(Eq. 49) 

c.  A column for each component (excluding strong acids and strong 
bases) is constructed. In Table I, only one column for component CP 
(carbonic acid) is required for this example. In general, the  rows of the  
component columns are determined from the  corresponding entries in 
the  first column and by calculating p - NP, (I - NC), . . ., z - N Z .  Since 
N P  is zero, the  component column is equivalent to  the first column for 
this example. 

from the 
corresponding values of the subscripts p ,  (I, . . .z  in the first column. T h e  
nature of the  K,,, tensor allows each succeeding row after the first 
to  be calculated from a previous row (not necessarily the last row) by 
multiplication with the next ionization constant corresponding to  the 
new subscript. This  column is labeled K,, and suhtitled with the 
appropriate concentration ofSH, - SA,. The resultant column for this 
example is shown in Tahle  I. 

7. The  next step is to calculate the coefficients and powers of the final 
polynomial equation. Starting with the highest power of H .  the  entry is 
determined under each component for the  row corresponding to  that  
power. The  value obtained is multiplied by the component concentration 
(s ) .  This  value is subtracted from the SR,  - .SA, concentration. The  
difference obtained then is multiplied by the corresponding value in the 
K,, I column and by the corresponding value of H " .  (In inure complex 
systems, more than one row will he found for a given order. I f  the  values 
for rows of a given power are equal in magnitude, they are added. If the  
values are  not equal. thcn the minor contributing row may he ignored.) 
This  procedure is repeated for each decreasing power of H .  The values 
for each power then are added. T h e  values for this example are: power 
2 = (l.10E-Ol)(l)H2, power 1 = (l,Itlfi,'-01 - l.OUE-Ol)(.1."OE-O'ilH'. 
and power 0 = (l.1OE-01 - 2.O(lE-O1)(~.011.:-l~)H", so that: 

d .  T h e  last column is constructed hy calculating K,, . 

B = (1.10E-01)H2 t (4.2OE-O9)H' - (1.XIE-lX)H" (Eq.  XI) 

T h e  summation obt.ained in general will equal the total equation (Ey. 
48 for this example) minus the term Z~K,,,, zljl,,, z ( I ) K r , t f r ,  for this 
example). This  term can he expanded after substituting Eq. 131 to  
yield: 
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Table 11-Data for Example 2 

* a  

* 

* 

* 

* 

* 

* 

* 
* 

* 
* 

* 
* 
* 
* 

* 

p - N P  q - N Q  r - N R  S - N S  K p v s  
TP TQ TR TS SBt 

P Q r s H" 2.163-02 2.163-02 2.163-02 2.16E-02 7.073-02 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

0 
0 
0 
0 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
0 
0 
0 
0 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
0 
0 
0 
0 
1 
1 
1 
1 
2 
2 
2 
2 
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1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 

8 
7 
7 
6 
7 
6 
6 
5 
6 
5 
5 
4 
5 
4 
4 
3 
7 
6 
6 
5 
6 
5 
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4 
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4 
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3 
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3 
3 
2 
6 
5 
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3 
3 
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3 
3 
3 
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0 
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3 
0 
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0 
1 
1 
1 
1 
2 
2 
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2 
3 
3 
3 
3 

0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 
0 
0 
1 
1 

0 
1 
0 
1 
0 
1 
1 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 

1 
5.8OE- 10 
3.703-08 
2.15E- 17 

4.353-12 
7.503-03 

2.78E- 10 
1.61E-19 

2.693- 19 
4.65E-10 

1.723- 17 
9.983- 27 
2.233-22 
1.29E-31 
8.25E-30 
4.79E-39 
8.40E-04 
4.823- 13 
3.1 13- 11 
1.803-20 

3.653-15 

1.35E- 22 
3.913-13 

1.45E-20 
8.413- 30 

1.103-34 

4.05 3- 42 

6.303-06 

2.333- 13 

2.27E-22 

1.893-25 

6.99E-33 

1.503-08 
8.70E-18 
5.553-16 
3.223-25 
1.133- 10 
6.573-20 
4.193-18 
2.433- 27 

4.09E-27 
7.043- 18 

2.61E- 25 
l.5lE-34 
3.403-30 
1.98E-39 
1.263-37 
7.293-47 
6.00E- 14 

2.228-21 
1.29E-29 
4.523- 16 

1.68E- 23 
9.723-33 

1.648-32 
2.04E-30 

1.368- 35 
7.92E-45 
5.043-43 
2.92B-52 

: ~ 8 3 - 2 3  

2.633-25 

2.826-23 

6.043- 40 

The asterisk indicates the row contributing significantly to the total Eq. 55. 

H2-  K ,  
( 7 ) K p q  Z H P ,  

The K,, .HP, value is computed using the table by recalling the rows 
used in the determination of the coefficients of the polynomial. Since all 
three rows were used in this example: 

K p H p  = H2 + (4.20E-07)H' + (2.01E-17)H0 (Eq. 52) 

The final equation can be obtained by substituting the values obtained 
from the summation, the Kp,  zHp, value, and Eq. 15b into the 
general equation. The result for this example is obtained by substituting 
Eqs. 50, 52, and 15b into Eq. 48 to yield: 

H 4  t (l.10E-Ol)H3 t (4.203-09)H2 
(Eq. 51) - (1.813-18)H' - (2.01E-31)H0 = 0 (Eq. 53) 

8. The last step is the numerical solution of the final equation. For this 
example, Eq. 53 can be solved by numerical techniques. However, the 
quadratic equation obtained from the last three terms of Eq. 53 ap- 
proximates the total equation. This approximation yields a pH of 9.37, 
the same as that given by Eq. 53 to this accuracy. Experimentally, a pH 
of 9.30 was obtained. 

The second example is the calculation of the hydrogen-ion concen- 
tration of a solution of 0.0216 M citric acid (P), 0.0216 M monobasic so- 
dium phosphate (Q), 0.0216 M barbital ( R ) ,  0.0216 M boric acid ( S ) ,  and 
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0.0491 M NaOH, which can be solved as follows: 
1. There are five components of this mixture: citric acid, phosphoric 

acid, barbital, boric acid, and sodium hydroxide. 
2. The ionization constants, a, & -y, and 6, for this example are defined 

as: K P I  = 8.40E-04, K Q 1 =  7.50E-03, KS1= 5.80E-10, KPz = 1.80E-05, 

= 3, /3 = 3,  y = 1,and 6 = 1. 
3.  There are no cationic species formed from any of the components. 

Therefore, N P  = N Q  = N R  = NS = 0. 
4.  The component concentrations are: T P  = T Q  = T R  = T S  = 0.0216 

M and SB, = 0.0491 M (sodium hydroxide) + 0.0216 M (SB,) = 0.0707 
M .  

5. The general equation for this particular mixture is then defined from 
Eq. 44c. Equation 44c for a mixture of four components (TP,  T Q ,  T R ,  
and T S )  and SR, results in: 

(D + SBOKpqrsHpqrs = Kp.qrsHpqr.vTP 

KQ2 = 6.20E-08,  K R 1 =  3.70E-08, KPB = 4.00E-06, KQ3 = 4.80E-13, a 

+ KpqrrsHpqrsTQ t Kpqr,sHpqrsTR 
+ Kpqrs’HpqrsTS 0%. 54)  

6 .  The tableau method for the calculation of coefficients and powers 
in the final polynomial is advantageous for this example because of its 
complexity. Rearranging Eq. 54 and substituting Eq. 156 yield: 

- TQKp,,,, - TRKPqr, ,  - TSKpqrs’)Hpqrs ( E q . 5 5 )  
Table I1 was constructed using the procedure outlined in the previous 

example. However, in this example, not every row was used in calculating 
the coefficients. Only 16 rows contributed significantly to the total 
equation. The values in the KPqra column for a given power should be 
compared and the relative values noted. These contributing rows are 
marked with an asterisk in Table 11. 

7 .  The coefficients for each power are determined from Step 6 and 
summed for all powers of H. This sum equals the right side of Eq. 55. The 
value of KpqrsHpqrs is calculated by recalling all of the contributing rows 
used in the determination of the previous summation. The values in the 
KPqrsHPqrS column corresponding to these rows are added. Substituting 
the value obtained for the right side of Eq. 55 and the value obtained for 
KpqrsHpyr5 into Eq. 55 and expanding yield the final equation for this 
system: 

HIo + (7 .9E-02)H9 + (4 .2E-04)H8 t (1 .7E-07)H7 
+ (6 .7E-13)H6 - ( 7 . 3 E - 1 8 ) H 5 -  (1 .72E-24)H4  - (6 .2E-32)H3  

- (4 .9E-41)H2  - (3 .6E-53)H’ - (2 .9E-66)H0  = 0 (Eq. 5 6 )  

8 .  This step is performed as in the previous example. The quadratic 

approximation based on H 7  yields a pH of 5.37, whereas solving the entire 
Eq. 55 gives a pH of 5.30. The latter pH was the one obtained experi- 
mentally. 

EXPERIMENTAL 

The pH measurements were performed using a digital pH meter’. The 
instrument and test solutions were at 23’. Buffer solutions bracketing 
the approximate pH of the test solution were used to calibrate the in- 
strument. 

RESULTS AND DISCUSSION 

The results for two- and five-component mixtures of acids, bases, and 
ampholytes showed reasonable agreement between experimental and 
calculated pH values. The general method presented has the advantage 
that approximations can be made in the final equation rather than in the 
derivation. This approach allows the approximation to be based on nu- 
merical comparison rather than on intuition. Additionally, the method 
can be used without any approximation if a computer is available (the 
general nature of the final equation is well suited for computer analysis). 
In summary, the general equation presented is simple and versatile; it 
can be used to calculate the hydrogen-ion concentration of simple and 
complex solutions. However, a t  high ionic strengths, the lack of activity 
corrections is expected to limit the accuracy of the method. 
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